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THE UNIMODALITY CONJECTURE FOR CUBICAL POLYTOPES
LA´SZLO´ MAJOR AND SZABOLCS TO´TH
Abstract. Although the Unimodality Conjecture holds for some certain classes of cubical
polytopes (e.g. cubes, capped cubical polytopes, neighborly cubical polytopes), it fails for
cubical polytopes in general. A 12-dimensional cubical polytope with non-unimodal face vector
is constructed by using capping operations over a neighborly cubical polytope with 2 to the
power 131 vertices. For cubical polytopes, the Unimodality Conjecture is proved for dimensions
less than 11. The first one-third of the face vector of a cubical polytope is increasing and its
last one-third is decreasing in any dimension.
1. Introduction
The vector a = (a0, . . . , ad−1) is called unimodal if for some (not necessarily unique) index
i, (a0, . . . , ai) is non-decreasing and (ai, . . . , ad−1) is non-increasing. If that is the case, we say
that the unimodal vector a peaks at i. We say that the vector a dips at i if fj > fi < fk for
some 0 ≤ j < i < k ≤ d − 1. Clearly, the vector a is unimodal if and only if it does not dip
anywhere. The question of unimodality of the members of certain classes of vectors has been of
long-standing interest in algebra, combinatorics, graph theory and geometry (see e.g. [7, 15]).
By f -vector (face vector) we mean the vector (f0, . . . , fd−1), where fi is the number of
i-dimensional proper faces of a d-polytope. The unimodality of face vectors of polytopes is
extensively studied (see e.g. [6, 8, 12, 14]). In 1961 (according to Bjo¨rner [6]), Motzkin
conjectured that the f -vector of any polytope is unimodal. The Unimodality Conjecture for
polytopes was also stated by Welsh [16]. Danzer already showed in 1964 (see [17, Section 2.1])
that the conjecture cannot stand in its full generality, still leaving open the question: which
natural classes of polytopes have unimodal f -vectors?
Examples of simplicial polytopes with non-unimodal face vectors were first published by
Bjo¨rner [4]. Bjo¨rner’s original counterexamples were 24-dimensional, but subsequently also
20-dimensional counterexamples were constructed by Bjo¨rner [5] and independently by Lee
[3, 11]. It was shown by Eckhoff [8] that, in fact, this is the smallest dimension in which
simplicial counterexamples can be found. In Section 5, we construct a 12-dimensional cubical
polytope with non-unimodal face vector and we show in Section 6, that there is no cubical
counterexamples of dimensions less than 11.
Bjo¨rner conjectured a partial unimodality property for polytopes. Namely, the face vectors
of polytopes increase on the first quarter, and they decrease on the last quarter. Bjo¨rner has
proved in [6], that this conjecture holds for simplicial polytopes, the face vectors of simplicial
polytopes moreover increase up to the middle, and they decrease on the last quarter. In Section
4, we prove a similar statement for cubical polytopes: their face vectors can dip only on the
middle one-third part.
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2. Cubes and cubical polytopes
The d-cube (denote by Cd) is a polytope combinatorially equivalent to the unit cube [0, 1]d.
It is a well-known fact that the face vector of the d-cube is unimodal and peaks at ⌊d3⌋ (in
addition, it also peaks at ⌊d+13 ⌋). This fact can also be expressed as follows: let j ∈ {0, 1, 2}
such that d ≡ j mod 3, then the f -vector of the d-cube peaks at d−j3 . If j = 2, then it also
peaks at d−j3 + 1. The f -vector of the d-cube has no more peaks. The f -vector of the d-cube
is strictly increasing up to ⌊d3⌋ and it is strictly decreasing from ⌊
d+1
3 ⌋ on. That is,
(1) f0(C
d) < · · · < f⌊ d
3
⌋(C
d) and f⌊ d+1
3
⌋(C
d) > · · · > fd−1(C
d)
A d-polytope is called cubical provided all its facets are combinatorially equivalent to (d− 1)-
cubes (in other words, its all proper faces are cubes). The following important combinatorial
invariant of a cubical polytope is introduced by Adin [1].
Let P be a cubical d-polytope with f-vector f = (f0, . . . , fd−1) and let H be the d× d matrix
given by
(2) H(i, j) = 2−j
(
d− i− 1
d− j − 1
)
, for 0 ≤ i, j ≤ d− 1
Define the short cubical h-vector h(sc) = (h
(sc)
0 , . . . , h
(sc)
d−1) of P by h
(sc) = f ·H−1. Equivalently,
the face vector of P can be expressed by
(3) f = h(sc) ·H
Lemma 1. Let d be a positive integer and let H be the matrix defined in (2). Then
(i) H(i, i) < H(i, i+ 1) < · · · < H(i, ⌊d+2i3 ⌋ − 1) ≤ H(i, ⌊
d+2i
3 ⌋) > · · · > H(i, d− 1)
for 0 ≤ i ≤ d− 1
(ii) H(i, j) = H(i+ 1, j) + 2H(i+ 1, j + 1) for 0 ≤ i, j ≤ d− 2
Proof. Denote the ith row of H by H(i, ∗). Let us note that for all 0 ≤ i ≤ d−1, H(i, ∗) can be
viewed as the concatenation of two vectors. The first one is the null vector (with i components)
and the second one is 21−d · f(Cd−i−1), where f(Cd−i−1) is the face vector (supplemented with
the last component fd−i−1 = 1) of a (d− i−1)-dimensional cube. Therefore, the inequalities of
(i) follow from (1). Thus, H(i, ∗) is unimodal and peaks at ⌊d−i−1+13 ⌋+ i = ⌊
d−i
3 ⌋+ i = ⌊
d+2i
3 ⌋
and also at ⌊d−i−13 ⌋+ i = ⌊
d+2i−1
3 ⌋ for all 0 ≤ i ≤ d− 1. The recursion of (ii) follows from the
so-called Pascal’s rule, i.e.
(
n
k
)
=
(
n−1
k−1
)
+
(
n−1
k
)
. 
Remark 1. Alternatively, we can separate three different cases as follows: let j ∈ {0, 1, 2} such
that d− i ≡ j mod 3, then H(i, ∗) peaks at d+2i−j3 . If j = 0, then it also peaks at
d+2i−j
3 − 1.
The vector H(i, ∗) has no more peaks.
The following lemma can be verified through a case-by-case analysis. The proof based on
the inequalities (i) and the recursion (ii) of Lemma 1 and some elementary properties of the
binomial coefficients. We omit the details. Alternatively, it can also be proved by adapting the
methods (with some necessary modifications) applied by Bjo¨rner in the proof of Lemma 6 and
Lemma 7 of [6].
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Lemma 2. Let d be a positive integer and 0 ≤ i ≤ k ≤ d− 1. Let H be the matrix defined in
(2). Let aj = H(i, j) +H(k, j) for 0 ≤ j ≤ d− 1. Then
a0 < · · · < a⌊ d+2i
3
⌋−1 ≤ a⌊ d+2i
3
⌋ > · · · > ad−1
The following important lemma is needed to prove Theorem 1 and Theorem 3. Statement
(ii) is a brief formulation of the Cubical Dehn-Sommerville Equations.
Lemma 3 (Adin [1], Lemma 1, Corollary 10). Let P be a cubical d-polytope. Then
(i) all the components of h(sc)(P ) are positive integers,
(ii) h(sc)(P ) is symmetric: h
(sc)
i = h
(sc)
d−i−1, (0 ≤ i ≤ d− 1),
(iii) h(sc)(P ) is unimodal.
3. Capped and neighborly cubical polytopes
There is a cubical analogue of the simplicial stacking operation, the so-called capping oper-
ation described by Jockusch [9] as follows: let Q be a cubical d-polytope, then the polytope P
is called a capped polytope over Q if there is a d-cube C such that P = Q ∪ C and Q ∩ C is a
facet of both Q and C. Roughly speaking, P is obtained by glueing a cube onto a facet of Q. A
polytope P is said to be an n-fold capped polytope over Q if there is a sequence P0, P1, . . . , Pn
(1 ≤ n) of polytopes such that for i = 0, . . . , n− 1
(i) Pi+1 is a capped polytope over Pi,
(ii) P0 = Q and Pn = P .
For n = 0, the n-fold capped polytope over Q is Q itself. A polytope is said to be n-fold capped
(or simply capped) if it is an n-fold capped polytope over a cube. Capped polytopes are the
cubical analogues of the (simplicial) stacked polytopes.
Since the capping operation destroys a cubical facet while it creates 2d − 1 new ones, the
capping operation increases the component fk of the face vector by 2
d−k
(
d
k
)
− 2d−k−1
(
d−1
k
)
if
0 ≤ k ≤ d− 2 and by 2(d − 1) if k = d− 1. Hence, if P is an n-fold capped polytope over Q,
then we have
(4) fk(P ) =
{
fk(Q) + n
(
2d−k
(
d
k
)
− 2d−k−1
(
d−1
k
))
if 0 ≤ k ≤ d− 2
fk(Q) + 2n(d− 1) if k = d− 1
By using (4) and the fact that the face vector of the d-cube is unimodal and peaks at ⌊d+13 ⌋,
it is not difficult to show that the face vector of a capped d-polytope is also unimodal and also
peaks at ⌊d+13 ⌋.
The k-skeleton of a d-polytope is the union of its k-dimensional faces. A cubical d-polytope
(with 2n vertices for some n ≥ d) is called neighborly cubical provided its (⌊d2⌋ − 1)-skeleton is
combinatorially equivalent to the (⌊d2⌋−1)-skeleton of a cube. The concept of neighborly cubical
polytopes was introduced by Babson, Billera and Chan [2]. Neighborly cubical polytopes can
be considered as the cubical analogues of the (simplicial) cyclic polytopes. It is proved in
[13], that the Unimodality Conjecture holds for neighborly cubical polytopes. The number of
vertices and the dimension of a neighborly cubical polytope determine its f -vector and it is
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given by (see [13])
fk =


2n−k
d−2
2∑
i=0
((
d−i−1
k−i
)
+
(
i
k−d+i+1
))(
n−d+i
i
)
if d is even
2n−k
( d−3
2∑
i=0
((
d−i−1
k−i
)
+
(
i
k−d+i+1
))(
n−d+i
i
)
+
n−d∑
j=0
2−j
( d−1
2
d−k−1
)(n− d+3
2
−j
n−d−j
))
if d is odd
By using the above explicit formula, it can be shown that the f -vector of a neighborly cubical
polytope peaks approximately at ⌊2d3 ⌋ if n is large enough.
4. Partial unimodality for cubical polytopes
In this section, we show that the maximal component of the face vector of a cubical polytope
can occur only in the middle one-third part (i.e. between ⌊d3⌋ and ⌊
2d
3 ⌋), furthermore, the
violation of the Unimodality Conjecture is possible only in this part.
Theorem 1 (partial unimodality for cubical polytopes). Let P be a cubical d-polytope with
face vector (f0, . . . , fd−1). Then
(i) f0 < · · · < f⌊ d
3
⌋−1 ≤ f⌊ d
3
⌋
(ii) f⌊ 2d
3
⌋ > · · · > fd−1
Proof. Let H be the matrix defined in (2). For 0 ≤ i ≤ d− 1, denote the ith row of H by
H(i, ∗). For 0 ≤ i ≤ ⌊d−12 ⌋, let us define the vectors b
i by
bi =
{
H(i, ∗) +H(d− i− 1, ∗) if 2i 6= d− 1
H(i, ∗) if 2i = d− 1
By using the above notation and the symmetric property of the short h-vector (see (ii) of
Lemma 3), the relation (3) can be rewritten as
f(P ) =
⌊ d−1
2
⌋∑
i=0
h
(sc)
i b
i
From Lemma 2 follows that bi is unimodal and peaks at ⌊d+2i3 ⌋ for all 0 ≤ i ≤ ⌊
d−1
2 ⌋ Further-
more, we have
bii < · · · < b
i
⌊ d+2i
3
⌋−1
≤ bi
⌊ d+2i
3
⌋
> · · · > bid−1
Therefore, all the vectors bi peak between ⌊d+2·03 ⌋ = ⌊
d
3⌋ and ⌊
d+2⌊ d
2
⌋
3 ⌋ = ⌊
2d
3 ⌋ and
bi0 ≤ · · · ≤ b
i
⌊ d
3
⌋−1
≤ bi
⌊ d
3
⌋
and bi
⌊ 2d
3
⌋
> · · · > bid−1
for all 0 ≤ i ≤ ⌊d−12 ⌋. Furthermore, b
i
0 < · · · < b
i
⌊ d
3
⌋−1
≤ bi
⌊ d
3
⌋
for i = 0. Consequently, f(P )
has the stated property, since f(P ) is a non-negative linear combination of the vectors bi (see
(i) of Lemma 3). 
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Remark 2. In fact, we could state a little bit more about f(P ). Namely, it can be easily checked
that if d ≡ j mod 6 for some j ∈ {0, 2, 3}, then b⌊
d
2
⌋ peaks at ⌊2d3 ⌋ − 1. Consequently, the
sequence (f⌊ 2d
3
⌋−1, f⌊ 2d
3
⌋, . . . , fd−1) is strictly decreasing if the dimension of P is congruent to 0
or 2 or 3 modulo 6.
5. Non-unimodal f -vectors
According to Theorem 1, capped polytopes and neighborly cubical polytopes are extremal
among all cubical polytopes, in the sense that the maximal component of their f -vectors occur
at the most far away position from their middle. Since the peaks of the f -vectors of a capped
and a neighborly cubical polytope are situated as far away from each other as possible, it seems
to be reasonable to involve these polytopes in constructing counterexamples to the Unimodality
Conjecture for cubical polytopes. In fact, most of the non-cubical counterexamples were also
based on this idea. For instance, Danzer used stacked polytopes (with peaks at ⌊d2⌋) and
crosspolytopes (with peaks at ⌊2d3 ⌋ ) for his first counterexamples (according to Ziegler [17,
Section 2.1]).
According to Theorem 1 and Remark 2, for all cubical 12-polytopes,
f0 < · · · < f3 ≤ f4 and f7 > · · · > f11
Therefore, the possible positions for a dip are 5 and 6. The starting point of our construction
is a neighborly cubical 12-polytope, to which we apply the capping operation. Due to (4), by
applying the capping operation, we are adding a vector with peak at ⌊d3⌋ to a vector whose
peak is at ⌊2d3 ⌋.
Joswig and Ziegler proved in [10] that there exists a d-dimensional neighborly cubical poly-
tope with 2n vertices for any n ≥ d ≥ 2. They constructed neighborly cubical polytopes as
linear projections of cubes. For the base of our counterexample, we chose a neighborly cubical
12-polytope with 2131 vertices, to which we apply the capping operation 1.841 · 1042 times.
Then we obtain a cubical polytope with non-unimodal f -vector. By using (4) and the formula
of the f -vector of neighborly cubical polytopes (see in Section 3), it can be computed, that the
f -vector of this polytope dips at 5 indeed.
Theorem 2. There exists a 12-dimensional cubical polytope with 3.770370722 · 1045 vertices
for which f4 > f5 < f6. Consequently, the Unimodality Conjecture fails for cubical polytopes
in general.
As a matter of historical interest, we mention that Lee’s simlicial counterexample was one
of the first applications of the sufficiency part of the famous g-theorem (see Billera and Lee,
Corollary 2 in [3]).
6. Unimodality for small dimensional cubical polytopes
Using the relations between the f -vectors and the g-vectors of simplicial polytopes, Eckhoff
[8] has shown that the f -vector of a simplicial polytope is unimodal if its dimension is less than
20. We prove the following statement in a similar way.
Theorem 3. The f -vectors of cubical d-polytopes are unimodal for all d ≤ 10.
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Proof. First let P be a cubical 10-polytope with f -vector f = (f0, . . . , f9). It follows from
Theorem 1, that f0 < f1 < f2 ≤ f3 and f6 > . . . > f9. Hence, f can possibly dip at 4 and 5.
Using Lemma 3 and the relation f = h(sc) ·H, one can show that all the assumptions
f3 > f4 < f5, f3 > f4 < f6, f3 > f5 < f6 and f4 > f5 < f6
lead to contradictions. Consequently, the face vector of P is unimodal indeed. For d < 10,
similar reasoning completes the proof. 
The method of the above proof does not lead to an analogous result in the case d = 11.
However, we could construct some symmetric unimodal vector v (whose components are pos-
itive integers), such that v · H would be non-unimodal, we could not guarantee that there
would exist some 11-polytope, whose short cubical h-vector would equal v. Since the complete
combinatorial characterization of cubical polytopes is not known, the following question still
remains open:
Question. Is there any cubical 11-polytope with non-unimodal face vector?
To violate the unimodality in dimension d = 11, for the role of the h-vector, we need a
candidate with an “outlandish shape”, namely, its middle component should be relatively large
(compared to other components). Hence, by considering the characterization of simplicial
polytopes, one may believe that the answer to the above question is negative.
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